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ABSTRACr The Rayleigh-Gans-Debye approximation is used to predict the electric field autocorrelation functions of
light scattered from circularly swimming bull spermatozoa. Using parameters determined from cinematography and
modeling the cells as coated ellipsoids of semiaxes a = 0.5 gm, b = 2.3 ,um, and c = 9.0 jAm, we were able to obtain
model spectra that mimic the data exactly. A coat is found to be a necessary attribute of the particle. It is also clear that
these model functions at 150 may be represented by the relatively simple function used before by Hallett et al. (1978) to
fit data from circularly swimming cells, thus giving some physical meaning to these functional shapes. Because of this
agreement the half-widths of experimental functions can now be interpreted in terms of an oscillatory frequency for the
movement of the circularly swimming cell. The cinematographic results show a trend to chaotic behavior as the
temperature of the sample is increased, with concomitant decrease in overall efficiency. This is manifested by a
decrease in oscillatory frequency and translational speed.

INTRODUCTION

Ejaculates of semen from the bull contain cells exhibiting
three types of motion: normally (helical) swimming cells,
defective (circular) swimming cells, and dead (diffusing)
cells. The first analysis of the motion of defective cells
from these ejaculates was undertaken by Rikmenspoel et
al. (1960), who made cinematographic measurements of
the frequency and amplitude of the tail wave as well as of
the progressive swimming speed. He found no definite
relationship between the swimming speed and the
frequency of the tail wave. Many light scattering experi-
ments have been undertaken on the spermatozoa of the
bull (Cooke et al., 1976; Hallett et al., 1978; Craig et al.,
1979; Shimizu and Matsumoto, 1980) and human (Adam
et al., 1969; Dubois et al., 1975). Of these studies only
Hallett et al. (1978) included the defective population in
their analysis. They found that by using the speed distribu-
tion, P5(v),

PA(V) =- e-v/U (1)
4irv

and a point scattering model developed by Nossal (1971),
they could produce an expression for the electric field
autocorrelation function, g'(r), which fit experimental
functions obtained from defective cells. This function has
the form

g( )(T) = tani (ki r), (2)
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where k is the magnitude of the scattering vector, T the
experimental delay time, and vc the average speed of the
particles. With this procedure it was possible to determine
the fraction of defective cells in the ejaculate as well as
their average swimming speed. However, the assumption
that spermatozoa behave as point particles is difficult to
reconcile with their actual dimensions, which are some-
what larger than the wavelength of light used. Indeed,
Craig et al. (1979) demonstrated that normal spermatozoa
were better modeled as ellipsoid Rayleigh-Gans-Debye
scatterers of semiaxes 0.5 jm x 2.3 jm x 9.0 jAm. In this
paper we shall provide a similar analysis of defectively
swimming cells. Results indicate that the properties of
experimental electric field autocorrelation functions are
determined primarily by the oscillatory movements of the
heads of these cells and not by their progressive speeds,
thus changing the interpretation of the half-widths
obtained by Hallett et al. (1978).

THEORY

The trajectory of the motion of the defective cell is somewhat different
than the helical motion of the normal cell. During the defective motion,
the head of the spermatozoon traces out a roughly sinusoidal path about
its circular track with some in-phase tilting about the long axis of the cell
out of the plane of the path (Fig. 1). The parameters necessary to specify
this trajectory are the frequency of this sinusoidal movement (w), the
maximum tilt angle of the head (flo), the maximum out-of-plane tilt (yo),
the maximum displacement of the head from the line of motion (RO) and
the speed (v). The angular frequency w is distinct from the tail beat
frequency.

It will be assumed that the spermatozoon can be modeled as an
ellipsoid of semiaxes a, b, and c, with its centre of mass undergoing a
sinusoidal motion about its direction of forward motion.
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rotation about b by the angle

a = 0 sin (wi- + 60),

with a concomitant sinusoidal variation of R, given by

R = Ro sin (wT + 60).

(6)

(7)

Now, as Ro is defined as the maximum displacement of the centroid when
ft is a maximum,

Ro = X sin ,8, (8)

FIGURE 1 Trajectory of the motion of a circularly swimming bull
spermatozoon cell. The overall path is denoted by the dashed line.

The general equation for the electric field autocorrelation function of
such a motile particle is (Craig et al., 1979; Holz and Chen, 1978)

g(1 (r) =

CNI ( I ,2 d# f +1 dve"'" elk IR(7) - R(O)I A(k, r)A* (k, 0)), (3)

where CN is a normalization constant, r is delay time, R(r) is the
component of the position of the particle parallel to the a axis, 4t gives the
orientation of the a axis in the x-y plane, v = cos 8 is the orientation of the
scattering vector k, which is arbitrarily placed in the x-z plane. The
direction of motion is along the z axis (Fig. 2). A(k, r) is the form factor
for the particle, which depends on its overall shape and orientation with
respect to the scattering vector k, and is described by

A (k, r) = 3j, (K)/K, (4)

where

K2= (k . a)2 + (k *b)2 + (k * c)2. (5)

The angle brackets in Eq. 3 indicate averaging over dynamic quantities,
such as the frequency of motion of the particle. One assumption inherent
in Eq. 3 is that the particle travels in straight lines for long times
compared with (kv)-'. This assumption will be shown to be appropriate
later, when cinematographic data are shown.
The motion of the centroid of the particle is displaced from the average

direction of motion, the z axis, by a distance R (Eq. 3). Since R was
defined earlier as being parallel to a (Craig et al., 1979), it is necessary to
make b the small semiaxis. The sinusoidal motion is then described as a

"ii.

where X is defined as the displacement of the point of rotation from the
centroid along the c axis as described in Fig. 3. The out-of-plane motion is
described by a rotation about c by the angle

-y= yo sin (wr + bo). (9)

The appropriate dot products required for Eqs. 3 and 5 in this case are

k * R = Rk cos 4' sin 8, (lOa)

k * a = ak I(cos -y cos# cos4, - sin -y sinOL)

sinG - cos-ysin,BcosO], (lOb)

k * b = bk [- (sin y cos # -cos A + cos y sin 6)

sinG + sin'ysinftcos#], (1Oc)

k - c = ck (sin , cos i/ sinO + cos,fcos 0). (lOd)

A(k, r) from Eq. 4 is periodic in the variable 6, and can be described by a
Fourier series (Craig et al., 1979):

(1 1)

This simplifies Eq. 3 to

g(" (T) = CN (If2r dof dve' E I B. ei' a). (12)

Further simplification can be achieved from the following symmetries for

fx

FIGURE 2 The orientation of the celi with respect to the scattering
geometry.

FIGURE 3 Tilt angles I3O and -to of the cell as well as the displacements
Ro and X, with respect to the overall direction of motion.
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the B,:

B1 (cosO, 4') = Bn (cosO, -4),

B ( -cos a, 4) = Bn* (cos a, 4,),

(13a)

(13b)

yielding

g (r) = CN(J- dioJ dvRe(eV)ERe(e") B.B* ). (14)

Three different sets of frequency and speed distributions were used to
determine the averages in Eq. 14:

(15a)

(l5b)

(16a)

P(v) - e-('l1t)

P(w) - e

from Hallett et al. (1978);

P(v') ~v2e (3/2)(B,2/B,2)

p(w) w2e- (3/2)(l2/;2)

from Berne and Nossal (1974); and finally

P(v) = e-(B' ,)2I2e,1

P(w) = e - .B)2/2n2I

If Eqs. 1 5a and b are used in Eq. 14, the following g(I) (T) results:

g(I)(T)=E isdvf4d4'[1 +p2]- [1 +q2] lBB*, (18)

where p = kivT and q = nZh. The use of Eqs. 1 6a and b result in

g. ( () -= Zf dvf d6o(1
p2

2J

e-(p'4) (1 - 2 )e- W14)B.B*, (19)

where p = k 2v2/3 and q = n 2L2/3.
Using Eqs. 1 7a and b is somewhat more complicated, because both v

and w must be defined over the interval -oc to +o. A negative v or w is
meaningless. If, however, v and are sufficiently large and the respective
widths of the distributions are sufficiently small, negligible amounts of
these distributions exist below zero, so that this does not become a
problem. Doing this gives

g() (Ti) fE dv f, d4ocos (nPr)

cos (kvvr) e- (k'2A2B2f/2) e- (n'2,2U,2) BnB* (20)

When R = 0 and X = 0, one has the simple case where the centroid
does not move off axis and the particle exhibits an oscillatory movement
about the centroid.
A coat with arbitrary thickness and index of refraction may be added

to the particle by using the scheme given by Chen et al. (1977).

METHODS

Experimental
The cinematography was recorded by a Locam, 16-mm high-speed
motion picture camera (model 51, Redlake Corp., Campbell, CA),
mounted on a Zeiss microscope (model KL14, Carl Zeiss, Inc., New
York), on black-and-white 400 ASA film (Eastman Kodak Co., Roches-
ter, NY, 4x reversal film 7277). All the microscopy was done through a
x 25 phase contrast objective, with no eyepiece optics on the camera, and
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(I16b) FIGURE 4 Two examples of tracings of head positions for successive
frames. The numbers indicate the frame numbers. The long line lies
along the midline of the length of the head with the cross bar the dividing
line between the end of the head and the midpiece. Both of these were

(1 7a) taken at -50 frames/s.

(17b)
on slides prewarmed to 300C. Various film speeds were used. These were
accurately determined from 100-s' timing marks on the film. The films
were analyzed frame by frame on a data-analyzing projector (model
224A special, L-W International, Woodland Hills, CA). The position
and orientation of the head of each cell studied was recorded for
successive frames on acetate sheets (Fig. 4). The path of the cell for
several frames was estimated and the maximum tilt angle (/o) of the cell
determined. In addition, by plotting the maximum displacement of the
proximal end of the cell head as a function of time (Fig. 5), it was possible
to ascertain the frequency of oscillation of the head of the spermatozoon.
The progressive speed of the cell was determined by measuring the length
of the track and then by using one head length as being 9.0 Am (van
Duijn and van Voorst, 1971) to obtain the absolute scale. When we
checked this with our cells, using a reticle on the microscope stage, the
result was found to be the same.
The equipment used to determine the electric field autocorrelation

function of the scattered light has been described elsewhere (Hallett et
al., 1978).
The semen samples were obtained fresh from United Breeders, Inc.,

Guelph, Ontario and used within one hour of collection. All samples were

; . ; NUM_ -R

* * 1

FIGURE S Displacement (in arbitrary units) of the proximal end of the
head of the cell from the overa'll direction of motion as a function of
frame number (O). Apparent width of the cell as a function of frame
number (-).
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from Holstein Friesen bulls. The cells were diluted in Hanks' balanced
salt solution (HBSS) (Gibco Laboratories; Grand Island Biological Co.
Inc., Grand Island, NY) by a final factor of 750. This was done in two
steps. First, 0.1 ml of raw semen was diluted in 5 ml of HBSS. The
cinematography was done at this dilution. Second, I ml of this was put in
15 ml of HBSS to obtain the final concentration of cells for the light
scattering. These dilutions were performed after the sample had been
transported to our laboratory. If the dilutions were performed at the site
of collection, the number of circularly swimming cells was greatly
reduced.
The sample was examined microscopically to ascertain whether a large

number of the motile cells were circular swimmers (>95%). If this was
not the case, the pH was adjusted to -7.8 to induce the cells to swim
circularly. All the glassware was kept at 30°C, as well as the scattering
chamber. As these cells tend to die rather quickly, it is necessary to do the
experiments as soon as possible after dilution.

Numerical
The numerical calculations to obtain the theoretical electric field auto-
correlation functions were done on an Amdahl 470V/5 computer
(Amdahl Corp., Sunneyvale, CA). Both the 4, and v integrals in Eqs.
18-20 were done according to Simpson's rule with 50 segments. It was
found that this number was required to give results accurate to four
digits. Increasing the number of segments gave no increase in the
accuracy. The details of the calculations of the Fourier coefficients and
the form factor appear elsewhere (Craig et al., 1979).

RESULTS

Cinematography

By examining Fig. 4, one can see that the cell maintains
the same average direction of motion for relatively long
periods of time. Tracks similar to those in Fig. 4 were
analyzed for 50 cells. It was found that the average speed
of the cells around the circular path was 92.6 ± 30.4 (SD)
,um/s at 300C, which is somewhat higher than the -65
,um/s found by Rikmenspoel et al. (1960) at 370C. The
frequency of the oscillatory motion was found to be 14.4 ±
2.63 Hz. The maximum angle of tilt of the head from the
direction of motion (/o) was found to be 51.3 ± 12.80
(SD). Owing to the finite resolution of the camera, this
value of ,Bo will be somewhat of an underestimation of the
true value, since the likelihood of making the measure-
ment at the very extreme of the motion is small. The
out-of-plane tilt angle (,y) was determined to be 48 ± 6.60
(SD). This is different from the result of Rikmenspoel et
al. (1960), who found the motion to be completely two
dimensional. Since this value of the standard deviation is
purely statistical and does not include the measurement
error (a systematic error due to the cell thickness), we
interpret this value of yo as being the minimum possible.
This measurement was made by measuring the maximum
width of the cell (Wm.) and by measuring the apparent
minimum width of the cell (Wmin) at another frame. These
are related toyo by

Wmin
Cos To =Wwmax (21)

measurement of #O. In addition, since yo has to be 600 for
Wmin to be half of Wmax, there is a limitation on these
measurements because of the relatively small size of the
image to be measured.

Fig. 5 also contains a plot of the apparent width of the
cell as a function of frame number. From this it is possible
to see that #O and To are in phase, since when the head is at
its maximum position (#O maximum) the apparent size is
smallest (To maximum).
As shown in Fig. 6, the frequency of the oscillatory

motion is completely unrelated to the speed of the forward
motion. This conclusion is reinforced by a regression
coefficient of only 0.007.

Cinematography was performed on a sample of
circularly swimming cells at two different temperatures,
room temperature (230C) and 300C. The average speed, v,
was significantly lower at 300C than at room temperature
(0.025 significance level), the average oscillatory
frequency (f) was also lower at 300C (0.001 significance
level) and the maximum angle (#O) was significantly
larger at 300C (0.001 significance level). This trend is
consistent with that of Rikmenspoel et al. (1960), who
found an average speed of 65 ,um/s at 370C.

Light Scattering

As has been shown before (Hallett et al., 1978) and is
reaffirmed here in Fig. 7, a function of the form

g(I) (T) = (kivcr) 'tan' (k-v,r) (22)

represents the data from circularly swimming cells very
well. Here, v is really related to c3l, where is the angular
frequency and I some characteristic length. This function
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This value has the same inherent error in it as the FIGURE 6 Plot of frequency vs. speed for 56 sperm cells.
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FIGURE 7 A comparison of an experimental electric field autocorrela-
tion function for circularly swimming cells (. *.) and a fit using Eq. 22.

will be used for comparison with the model calculations in
subsequent figures.
The two exponential distributions (Eqs. 1 5a and b) were

first used in Eq. 18 to calculate the model function shown
in Fig. 8. The parameters used in the model calculations to
match the half-width are not reasonable ones. In addition,
the function does not exhibit the characteristic motile
shoulder observed in all data.
The properties of Eq. 19 were investigated with the

out-of-plane rotation initially set to zero (i.e., yo = 0).
Since the experimental half-width of a function at a

scattering angle of 150 was usually -2.0 ms, the strategy
was to vary the dynamic parameters of Eq. 19 to match
this half-width, as well as the shape of the data. The
dynamic parameters (speed, frequency, and maximum
angles) were varied within limits established by the cine-
matographic analyses. The static parameters (ellipsoid
size) have been fixed by Craig et al. (1979) and should

FIGURE 9 A comparison of a function representing the data from
circularly swimming cells (Eq. 22) (-) and a model function calculated
using Eq. 19 (- *.).

remain unchanged, since circularly swimming cells appear
morphologically identical to normals.
The displacement X (see Fig. 3) of the centroid of the

ellipse was estimated from cinematographic data to be 13
,um. This was assumed to be the maximum possible. The
maximum angle ,Bo was fixed at a very conservative 400.
With a = 2.3 ,um, b = 0.5 ,m, c = 9.0 ,um, and the average

speed set at 65 gm/s, it was necessary to have an average

frequency of 35 Hz to attain a half-width of 2.0 ms.
Although this frequency is more than a factor of 2 too
large, the shapes of the data and model functions agree

quite well as can be seen in Fig. 9. It was thought that
increasing the average speed might narrow the function,
which would allow the average oscillatory frequency to be
reduced. As shown in Fig. 10, however, the half-width is
only a weak function of the speed. Since the addition of
out-of-plane motion tends to decrease the half-width of the
model autocorrelation functions, reasonable values of yo

were then included in the calculation.
The histograms for the frequency and speed determined

by cinematography are shown in Figs. 11 and 12, respec-

4O.

I- 2.0.
a

I

1.8 3.6 5.4

DELAY TIME (ms)

FIGURE 8 A comparison of a function representing the data from
circularly swimming cells (Eq. 22) (-) and a model function calculated
using Eq. 18 (. ).

' 2 30Ab 50 6 7'0 '0 00 100

SPEED 6pm s41)

FIGURE 10 A figure showing the half-widths of the functions calculated
using Eq. 19 as a function of speed. There is almost no dependence on the
speed of the particle.
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3,

FIGURE I11 A histogram of the frequencies of the oscillatory movement
of 56 circularly swimming cells. A distribution corresponding to Eq. 16a
(O) and a distribution corresponding to Eq. 1 7a (-). The areas under the
curves have been normalized to the same values.

tively. It is obvious that the distributions of Eqs. 16a and b
do not approximate the true distributions as well as Eqs.
17a and b. It was therefore concluded that the features of
the autocorrelation function calculated with Eq. 20 (which
was determined from Eqs. 1 7a and b) should be examined.
The size parameters were set as before. Distribution
widths from cinematographic data were inserted into Eq.
20. fBo was set at 50°, and at rirst Sy0 was also set to this
value to correspond with the cinematographic data. The
parameter Ro was varied to get the appropriate half-width
for the data. The variation of half-width with Ro is shown
in Fig. 13. The most appropriate value of Ro was found to
be 6.8 ,um, which is clearly outside of the value measured
by cinematography. As shown in Fig. 14, however, the
shape of the model correlation function is not the same as
the data. Since the discrepancies exist in the large and
small times, it was thought that increasing the width of the

W

I '

* 4 "'EWN( Y4e)

FIGURE 12 A histogram of the speeds of the circularly swimming cells.
A distribution corresponding to Eq. 16b (a) and a distribution corre-
sponding to Eq. 1a7b (). The areas under the curves have been normal-
ized to the same values.

2

no

I-

J1

z4 11

0 2 4 6 8 1.

Ro (m)
FIGURE 13 Figure showing the half-widths of functions calculated using
Eq. 20 as a function of Ro.

frequency distribution might correct this. There is some
justification for this since (a) there is a natural selection
against choosing cells that are oscillating very slowly (for
example, it is often hard to distinguish slow cells from
those attached to a glass surface), and (b) any discrepan-
cies between the actual motion and model motion would
most likely appear in the high end of the frequency
histogram and might not be detected at the film speed
used. The increased width produced a function with some-
what better agreement than before, although not as good
as was hoped.

Since the fits described above were judged to be unac-
ceptable, a coat was added to the particle. In the case of
the normal cells it was found by Craig et al. (1979) that a
coat had no effect on the functions obtained at low
scattering angle (- 150). This, however, is not the case with
the circularly swimming cells. If the values of the thickness

0.5-*

1.2 2.4 3.5 *.8

DELAY TIME (mS)

FIGURE 14 A comparison of a function representing the data (Eq. 22)
(-) and a function calculated using Eq. 20 (.* ). This particle has no
coat, and a, and a. were chosen from the cinematographic data.
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DELAY TIME (m)

FIGURE 15 A comparison of a function representing the data from
circularly swimming cells (Eq. 22) (-) and a function calculated using
Eq. 20 (. *). This particle has a coat of index of refraction 1.44 with a
thickness of 0.15 gm and an interior index of refraction of 1.33.

of the coat, the interior index of refraction, and the coat
index of refraction are varied systematically, it is found
that values of 0.15 ,m, 1.33, and 1.44, respectively, give
the lowest difference of squares between Eq. 20 and a
function of equal half-width generated from Eq. 22. This is
shown in Fig. 15. These values of the thickness of the coat
and the indices of refraction are questionable, although the
coat thickness can be rationalized since the sperm cell is
covered at the proximal end by a thick acrosome. The
thickness of 0.15 gm probably corresponds to the thickness
of the coat, averaged over the whole cell. If the refractive
indices are altered to their experimental values (van Duijn
and van Voorst, 1971), 1.35 for the interior and 1.42 for
the thin coat, a slightly poorer fit is obtained (Fig. 16).
Nevertheless, this fit was felt to be acceptable because the
main discrepancy occurs in the long time region, near
background and where the statistical quality of the experi-
mental functions are poorest.

There still remains the problem that the value of Ro is
much larger than that measured. Using the compromise
coat of 0.15 um, if Ro is given the measured value of

1.0

0I--

80.

.a..

0z 1.2 24 3.6 4.8

DELAY TIME (mis)

FIGURE 16 A comparison of a function representing the data from
circularly swimming cells (Eq. 22) (-) and a function calculated using
Eq. 20 (- . *). This particle has a coat of index of refraction 1.42 with a
thickness of 0.01 Mm and an interior index of refraction of 1.35.

DELAY TIME (ms)

FIGURE 17 A comparison of a function 'representing the data from
circularly swimming cells (Eq. 22) (-) and a function calculated using
Eq. 20 (. ). This particle has a coat of thickness 0.15 ,um with an index
of refraction of 1.42. The interior index of refraction is 1.35. Ro has a
value of 2.77 gm and 'yo a value of 71.70.

2.8 ,m and yo in Eq. 20 is varied until the appropriate
value of the half-width is obtained, one finds that a value
of 71.70 is required (Fig. 17). Angles as large as this
cannot be measured from the cinematographic data. Even
if the particle were perpendicular to the observer, an
apparent width of 1.0 ,m would be measured, which,
according to the scheme of Eq. 21, would yield -770 for yo.
It is because of this ambiguity, the fact that the measure-
ment of yo is less accurate than the measurement of Ro,
owing to the measurement technique, and the fact that the
value of yo is underestimated because of the finite resolu-
tion of the film that a value of 71.70 is not considered
unreasonable.

Further evidence from the k-scaling behavior of these
functions (Craig and Hallett, 1982) shows that if yo has a
value of 50°, the peaks seen in the model k-scaling curves
disappear. But these peaks are present in the experimental
curves. Hence, the measured value of 500 is suspect.
The disagreement between the data and model in Fig.

16 may be due to the fact that the model used here does
not properly take into account the acrosomal region of the
cell, thus yielding a different line shape, as was seen when
the coat was originally added (see Figs. 14 and 15). The
region in the scaling curves where this is of most impor-
tance is in the region of the first peak, which may well
overlap with a scattering angle of 15°, where the work
presented here was done. This means that a change in Ro
to a value higher than that measured compensates for the
errors in the model.

CONCLUSIONS

It is possible, using the Rayleigh-Gans-Debye approxima-
tion, to model the electric field autocorrelation function of
light scattered from circularly swimming bull spermato-
zoa. This is not surprising, since it has been shown by
Craig et al. (1979) that this technique works well for the
normal cells. Also, Kotlarchyk et al. (1979) showed that
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the Rayleigh-Gans-Debye approximation was a good one
at small scattering angles, where this work was done.
Moreover, it was necessary to coat the particle to obtain
agreement between the model function and the data. The
Rayleigh-Gans-Debye criterion is easily met for the coat,
which seems to be a very important part of the scattering.
It is also necessary to have a displacement of the particle
from the axis larger than that measured in order to have
the line shapes of the data and model agree. This appears
to be due to imprecision in the model particle with respect
to the acrosomal region of the cell. We have modeled the
cell using an average coat thickness of 0.15 ,tm, whereas
the true particle has a thicker coat in the acrosomal region
and a thin coat elsewhere.
The autocorrelation function obtained is not dependent

on the speed input into the calculation but is very sensitive
to the frequency of the oscillatory motion of the head of
the spermatozoon. This means that it is only possible to get
the frequency of the motion and not the speed, since the
two are not related (Fig. 7). Furthermore, this work
indicates that the point scattering interpretation made by
Hallett et al. (1978) of the fitting parameter associated
with Eq. 22, namely the speed, was incorrect. It is the
oscillatory frequency of the head of the sperm that is
measured by light scattering. One may determine this
frequency by in essence calibrating the phenomenological
Eq. 22 using Eq. 20.
The cinematographic results indicate that as the

temperature gets higher the defective swimming motion of
the spermatozoon becomes chaotic. This chaos does not
allow the cell to progress as quickly as it should. This
temperature effect indicates that the oscillatory motion is
dominant over the progressive motion since it is affected
more by temperature. The angular amplitude of its oscilla-
tion becomes larger and the frequency becomes smaller.
This indicates that it must be able to move only at a fixed
angular speed. One can understand this by noting that the
frequency gives the number of cycles of the oscillations per
second that are performed and the amplitude gives the size
of these oscillations. If the oscillations become larger and

the angular speed remains constant, fewer cycles may be
performed per second or the frequency becomes lower.

Received for publication 4 March 1981 and in revised form 8 July
1981.
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